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while in the case of waves generated by the waveguide, i, e, by the interval (Z; , Eg).,
we have e (k) = — (b -+ O;) exp (— 2kfg), b>0 &)

This method makes possible a generalization to the case of a multi-extremal func-
tion @¢(Z) . The case of decaying waves when ¢ (&) is monotonous, was studied pre-
viously by V, Iu, Zavadskii, Under the quantum-mechanical treatment, such solutions
describe quasi-stationary states [3].
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Motion of gas behind a detonation wave expanding from the point of ignition 0 (coordi-
nate origin) in a space filled with an explosive and with a cut-out hollow cone (axis of
the cone: X =0, /=0, 25 0), possesses a cylindrical symmetry and is self-similar .
Consequently, a1l gas-dynamic magnitudes are functions of two independent variables
E=r/t,4=1z1/t r= Vz2+ y° (here ¢ denotes time), These functions satisfy the
gas-dynamic equations with the corresponding boundary conditions, written in terms of
these variables, Numerical methods of solution of partial differential equations (in two
independent variables £ and 7)) must however be used to obtain the above magnitudes,
S, K, Godunov assumed that a region exists on the £7]-plane, where the flow coincides
with the corresponding spherically symmetric flow obtained by Zel'dovich [1], The lat~
ter flow occurs when a detonation wave expands from the origin 0 , the whole space being
filled with an explosive, The motion of the gas is, in this case, spherically symmetric and
self-similar, and determination of gas-dynamic functions reduces to the integration of a
system of ordinary differential equations with the corresponding boundary conditions,



Motion of a gas behind an expanding detonation wave 929

Our present investigations confirm the above assumption and give a method of determi-
nation of this region, In addition, asymptotics in the vicinity of singular points appearing
in the solution, are given,

1, A flow behind a detonation wave can be defined by a system of gas-dynamic equa-
tions, an equation of state of the explosion products, and by initial and boundary condi-
tions, Variables are chosen to suit the problem, The flow in question possesses cylindri-
cal symmetry, hence it is sufficient to consider the motion in a semi-plane passing
through the & -axis of symmetry and bounded by it, The 7"-axis passes through the point
O and is perpendicular to the & -axis, Moreover,since the flow is isentropic, gas-dynamic
equations in terms of independent (t,r, & )-variables have the form

O, Oy, 1 ap ov, dv, v, 1 op

R S R e R SRR R
6p ap op ov 0v
ot + v, 5 ar + v, 5, 9z P( - + z + — > (1-1)

while the equation of state of explosion products is p = xp".

Here p denotes the density, p the pressure, 4 is the ratio of specific heats,'while D,
and U, are the relevant velocity components,

At the initial moment £ =0 of ignition of gas at the point O, all space exterior to the
empty cone (whose vertex is at the origin, & < 0 and the angle between the axis and the
generator is equal to Y) is filled with an immovable (U, =1, = 0) explosive of constant
density Py =M /M +1, Initial pressure Dy =0 .

The resulting flow is bounded by the detonation wave front on one side and by a free
surface (D = 0) on the other side,

Detonation wave front satisfies the Jouguet condition, consequently the values assumed
by the functions at the wave front should satisfy

»®
Pl(D-—uz)-———mD, p1(D —u1)2 + py = x+1D‘
wi =0, D=u;+e, c=ywp (-1 (1.2)

where ¥ and w are the veélocity components, which are, respectively, normal and tangen-
tial to the wave front, [ is the wave velocity and ¢ denotes the velocity of sound, Sub-
script 1 denotes the values at the wave front, We can easily solve (1,2) to obtain
pr=1, yu =1, w, = 0, D=n-41 ¢=u
Thus we find that the wave velocity is constant at all points of the wave front, Conse-
quently, the wave front appears, at the instant ¢ and in the semi-plane 72 (Fig.1) as a
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circular arc A C' with the center at 0 and of radius J¢ ; 4 and (' are the points of
intersection with the generator of the cone and with the Z-axis respectively. The prob-
lem is self-similar, therefore we shall use self-similar variables £ =7/¢tand N =2/¢.
Taking U, ,U, and @ as unknown functions, we can write (1, 1) in the form

Jdr, v, : 1 dect
g (vr 8 sy M) gy gy
v, . Ov, ] 1 Oc? )
9 =8y e =m) by gy o 0 (1.3)
de? Oc? ’ dv, v, R
g (&) 4 (e —m) *:“(4—1)(7;1 +ogm T )=

The arc 4C of the circle €2 + 12 =D? corresponds to the wave front, on which we
have Up == E / ]), v, = 1 / 1)Y 2 = %2
and we have exactly the same situation in the case of spherical symmetry,

Since the products of explosion escape into empty space, a rarefaction wave is origi-
nated centrally, with a vertex at the point 4 and terminating at the free boundary
N =7(§) originating at 4, along which p = 0, The principal part of the flow in this
rarefaction wave corresponds to the Prandtl-Meyer solution, hence we can change to
polar coordinates @, and 8 with the origin at 4

E =Dsiny 4acos(y + VRS, W~ —Decosy ~asin(y +Vkh 8 (1.9
together with the corresponding velocities \
v, Dsiny oy cos(y - VEY) —wpsinly +VES) (k= 2] (1)

t; = —Dcosy -} v, sin(y - VES) + vg COs (y - V#Ro)

Here VA 8 is an angle between the ray emerging from 4 and the direction of the front
at4 , o is the radial distance from 4 , while v, and z; are the radial (a ray emerging
from A at the angle v §) and transverse velocity components, Using these variables and
functions we can write the initial gas-dynamic system in the form

0v, vy /1 07, \ 1 Be2
o =05y + 5 (5 e ) T =T ="
v v a s
8 5 1 Vs 1 ac?
(r, —) 75 —5—(——‘}/}_2 565 T va) -+ ~————————(:{_1) Vi a 76—:0 (1.6)

Do Ty, e ‘ \ 62;1 v, 1 dvg
o=@ T iy as e [‘a‘;+ ERRTE)
r, cos (7 i~ Vh8) — vy sin (v V hé) - Dsin ¢
+ = - =0
acos {7+ VRS 4 Dsin ¥
Equation of the wave front is )

o= 2 (% - 1) sin V56(0<6< 12';}_:)

and at the front we have

rg = % COS Vi, v, = (% 4 2) sin V&o, 2 = u?
2, We can represent the solution of our problem as a perturbation of a spherically sym-
metric motion of a strong rarefaction wave caused by expansion of the explosion products
into an empty space, following the detonation wave, We can infer from general consi-
derations that the boundary between the region of spherically symmetric solution and the

perturbed medium, should consist of a characteristic together with a shock wave front,
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should it occur, Obviously, the characteristic should originate at the point 4 (Fig. 1),
i.e, at the vertex of the rarefaction wave, The following differential equation defines

this characteristic : V_h ta (D sin Vﬁ §—u)
cy —azr

t=Vet+nm (2.1)
VE—-2 (0<8<8y)
__V'gr_xz (8> 80)

ac
=

a=V{C—uf—¢, z=Dcos VS, y:{
and the initial conditions are
{=®+4+1) when 6 =0

Here  is a self-similar variable of a spherically symmetric solution, while
(3,, D cos Vhd,) is the point of intersection of the required integral curve with the sin-
gular integral curve /=0, Self-similar functions W(() and ¢(G) of the spherically
symmetric solution are defined by
du 2uc?
A LG —wr =]
de  (m—1)uc(f—wu)
g =P
together with initial conditions
f=@x+1), uwu=1 c=x

(2.2)

12.3)

The initial point (8 =0, (=% +1) isa singular point of (2,1), Curves =% +1 define
the detonation wave front and I/ =0 are the integrals.of this equation which, however,
are not at the same time characteristics (the relation along the characteristics does not
hold) , Choice of a characteristic is accomplished with help of an initial asymptotic of
the function {( §) obtained from (2, 1) under the assumption that its solutions which we
seek, differ from =X + 1 and {=x

§ =% 4 1 — 4/, xh2ds (2.4)

It was shown in [1] that in the case of spherical symmetry, a characteristic C= Co
exists which contains the quiescent region: when § S{n, =0 and ¢ ={, . This char-
acteristic obviously satisfies (2,1), We find that when d varies from 0 to some value
61, () varies monotonously from % +1 to Gq,

Indeed, spherical symmetry implies that when the point 4 moves along the circle
¢ =D , the characteristic will rotate around O in the manner of an inflexible line, If
€ (0) was not monotone, then the characteristics belonging to the same family would
intersect, and this would contradict the self-similar solution of Zel'dovich, It was found
by numerical integration that

Vh&:<Yan —aretgly/ D (€ (61) = o)

with 6 > §; , the characteristic coincides, up to the moment of intersection with the
Z -axis, with the arc of the circle § =C° . Obviously, for each value of X there exists
such a value of the apex angle Y, that, when Y> Y, ,then { > Co between the point4
and the T -axis, i.e. the characteristic § = Co is not reached, Fig,2a and b show sche-
matically the distribution of the characteristic in the {T)-plane relative to the angle Y,
We note that in & and 8§ coordinates, equation of the characteristic becomes

o =¢( =Dsin Vid —y (2.5)
3, The problem is two-dimensional in the perturbed region, therefore in the following
the gas-dynamic functions sought will be /=02, Uy end Vg
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In the region where the solution is spherically symmetric, ,. and vy are related to
the velocity U as follows:

va=%+1)sin Vﬂa(1_-g~), vszD(i———Z—)cos Yis (3.0)

Values of the functions in the perturbed region along the characteristic determined
previously should coincide with those given by the spherically symmetric solution, Con-
sequently, from Formulas (2. 3) to (2, 5) and (3.1) it follows for small §, that along this
line the following asymptotic should be valid

VLT K Vh[i-{-(‘m%gﬁ—) -é—)hé“]ﬁ, vszx[i—f-(—g(:%)- -—%—)hﬁﬂ]

16 64 @2
f o= w2 [l—g 53} (f == ¢2), azgiuh"'ﬁa
Solution of the system defining the principal term in the perturbed region near the

point 4 (the Prandtl-Meyer flow)
1 1 1
)= T — =0
oo (=) =0 e e (33)

s, ., 1
TiH et =0
with initial conditions
Va, = 0, 115. = %, [o==n? when & =10

has the form
v,,(8)=x Vkhsin§, vg, (B) =% 088,  fo(8)=x2cos?8 (3.4)

Obviously, the asymptotic (3,2} coincides with the asymptotic of (3, 4) only within
the first term, This means that, in the immediate vicinity of the characteristic when Q
is of the order 83, the solution is somewhat different in structure, We shall use § and
] =62 as mdependent variables to find the asymptotic in this region and we shail
write its expansion as

Vg =¥y, Mo+ Ve, W& +. .. Vg = Vg, )+ Vg, P&+ ..
f=fip)y+hH{ypd+...

Inserting these functions imto (1,6) and equating to zero the coefficients of the powers
of § , we obtain two systems of ordinary differential equations, Initial values of these
functions are obtained on a characteristic corresponding to

P="o = 81 £
from the asymptotic (3, 2), Thus the system and initial data denoted a subscript 0, are
1 ) i fo
’% [ Vi Cae ™ 37,9 — ”%] + oAl =0 v+ =0 (35
vg fo' + /01.50‘ =, Vg, =% Vh, Vg, =%, f=ut (Pp=1)
Then v, =xVh vy =%, f = % will be the solution of (3, 5) with the relevant ini-
tial conditions, For a function with a subscript 1, the system and initial conditions are

given by 1
‘: v (vq, — %a,"P) — ”5,} + e =0

2/ — 31" -+ % (x — 1) [205, — 30y P} = —%* (x +-1)

(3.6)
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_ 6’"’8. — 3f1 — %2k

xt(x—1) Vh o5 b —(x — 1) %2, P+ i’ MV =
x . 201 (f1 — 2xvy)
Y % Vh

" 208 1 16 1 16
P = o, val—_—uh/ (m—?;); v5n=“h<'§)(_u-—FT)'_?)’ h:_guz
The system (3, 6) has a first integral

h+%0e—1) vy =—Y2? (¢ + 1) + oy (]

and initial conditions imply that@ =0,
First integral (3,7) and the substitution
Vo, = Vo, —/u 41 (3.8)

yield (3,6) in its reduced form
dVal 4hfy(fr+ %) 4 (3f1 + 5%2) [6x (x — 1)V, + 21 VE + %2 (x +1) VR]
dfy 42 Vhx(x —1) f1 (f1+%2) — (x — 1) % [6% (x—i)V A2 Vh4xr(x + 1) V]

3x 4V, 1 dfy 3x 11 %%h .
(Vﬁ & T x—1 dxp)‘p_ v Voot =1+ 2 @9

and the first integral (3. 7).,
We see that the first Eq. of (3, 9) can be studied separately, It has three singular

points 16 212 x Vb uh'®
e () (’1:-3"“v VanzTiT_—n—}fi ~ % )
x Vh
2 (h: —x% V,=— z/ )
uha/l
(3)(f1:07 Vul:'*‘ 6 )

N First of these points correspond to initial data, i, e, to the
values of the functions on the characteristic , and it is a
node, Let us select, out of all integral curves passing through
1, the one which passes through the second singular point
(Fig.3). At this point the functions have values correspond-
ing to the second term of the asymptotic to the Prandtl-
Meyer solution, Along this curve, value of § decreases

Fig. 3 monotonously from |, to 0, Indeed, it is contained within

a region bounded by the segments of the isocline oo con-

necting points 1 and 2, isocline 0 connecting 2 and 3 and an integral curve given by
. ”sf] wh'it
Va, = 3 (% 1 —~Vh % (/ 1~ 0

connecting points 1 and 3 , We can see in Fig, 3, that it cannot intersect any of these
curves, (Incidentally, we observe that the integral curve connecting points 1 and 3
corresponds to a spherically symmetric solution),
Point 2 is a saddle point, The slope of the required integral curve is given, at this
point, by dVe, —13Vh
ah - w1 <O
and is therefore negative along the whole segment of the curve, Since the integral curve
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does not intersect the infinity isocline our.side the points 1 and 2, we have
w2hn

(= 1) w2 ( V"h R e )>6f1(f1+x2>>0

Therefore, on the whole segment of the curve 1 a2,
dp o 3u AV R 3% fr |, wh-t
Q—H‘_(V;T d}l—ﬁ)w(vgval+g—1-l 2) <0

Point 2 has the corresponding value § =0, and in the vicinity of 2 the following

asymptotic is valid | "
va=n VRS + (— ap vz+c¢°f’r—.—1) &+ ...

=t (=T g owh) 6 (3.10)
f = wr— (-fw dex 1) CllJ") 8 +
) B3VE o
where (' is a constant of integration, Returning to the point 1 corresponding to the
direction of the characteristic | = |, , we see that the integral curve (1, 3) emerges from
this point along a separate branch, Therefore the integral curve in question belongs to
a bunch of curves with a common tangent, whose slope is

dVa‘ _ 7 Vh
A 3 w(r—1)
and, when | is almost equal to lbo , the asymptotic
_ 208 1 i
v,=% VEb +[(m G)Wh 8(x+1) («p—q:,,)Jfﬁ L (3A1)
16 1 24
va;:xr—k[xh (m“j)"l‘ ,<+1)1/h(1p"¢°J6
;z/-—[{b,¢4 2 —; (b — ll)o)_‘ﬁz
) 8 h/:

is valid,

4, The characteristic 4% and the values of gas-dynamic functions on it, were found
in Section 2 with help of a spherically symmetric solution, We shall now have to con-
firm that the segment belonging to A% is a boundary of the region of perturbation, A
necessary condition for this is, that gas-dynamic functions must not experience a discon-
tinuity on this segment, Let & = (8) be the equation of A%, We shall seek the asymp-
totic of the solution in the perturbed region near the characteristic

M D) Dy (8) (g — 1) + D, (B)(g — 1)* when 088, & =a/g(d) (41)

where the equation {f =1 defines the characteristic and ® = (v,, U3 /) and @, (6) de-
notes the values which functions assume on the characteristic,

To obtain equations defining the functions v, (9), Vg, (6) and f, (8), we insert the expan-
sion (4. 1) into the gas-dynamic system (1, 6), expand the left-hand sides of these equa-
tions in the powers of (§ — 1) and equate to zero the coefficients of the zero and first
power of (g —1), Zero power terms yield only two linearly independent equations,
Coefficients of (7 = 1) when only the terms containing the functions with a subscript 2
are retained in the left-hand side, yield two linear equations for v.,, v, and #, and the
determinant of this system is equal to zero, To make this system complete, we must
equate to zero a linear combination of the right-hand sides dependent only on the
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functions with the subscript 1 and the relevant coefficients, thus obtaining the required
third equation, As a result we obtain the following set of equations defining Vg, Uy, and
N tu—p VE[_ =D 4, (4@ [+ 2) (et 200)
s T Za(cy —ax) |\ c(cy—az)flTL? L ¢y —axr
c(a® -+ 4c?) (ay + cx) (u—205)2 2 (2c2—ad) N x (a% — 2¢?)
a(u —)2(cy — ax) —(x—1) a? a® (u—{)? —(n—-l)<2+ a (¢cy — av) ﬂ_{'
A ¢ (%4 1)cos Y —@sin(y + VR
+ q)[2+ L(x—10) ( (x4 1)siny - @cos(y -+ Vi S) 4 )]] fi—

ackl al2k c2(a? 4 4c?) ugky ’(a2 c?)
'-(%_1)[ §<c¢/ ax T >+a u——g)(cq—av)T ]‘[

P+ ay + er +

2¢Qt
+;%%77,)<a;—>uc2—<v—1>u<a2+c2>>+

L eP @4 E—wrtoler—an) —c au+cr>¢l]

ar 4 2cy

o LF ) cosT—gsin (14 Vi) 1h+<u+1>uc-lsinw]} n
b (% +1)sin y 4+ @ cos (1 + Vi) .2
axr —cy ay + cr
N e A Ed e

ug
k -——a—c; (ax 4~ 2¢y)

Notation used here is that adopted in Section 2, Functions appearing in the right-hand
sides are obtained by integration of the system (2,1) and (2,2). From the asymptotic
(3.11) it follows that when /7 (0) =0 and & are small

fi = — 28/27 %26

First Eq, of (4,2) is a Riccati equation; a partial integral of this equation is well known,
and it corresponds to the spherically symmetric solution
2(n —1) ucty@ (L — u)

a??
which can, therefore, be reduced to a linear equation
dz - Vh {{mpr 62 e
e T Aalcj_”) : L—_—-a2+cz_,)4_+4 50 -+1) 3
(V+1)02+(X-")az] [
- e e T g
(x+1)cosy—@sin(y + Vkd) ]} _he=0t 44
(% + 1) siny + @ cos (Y + Vo) c(ey — ax) '
2(n—1)cu(§ — u) up\1
zZ = (fl + ) azcz )
When Y <Y, ,then a point D (8 = 83) exists on 4AF
u:O, a’:(g—u)’-—c’zo

Fi=— (4.3)

where

and in its vicinity we have
@~ulnu, a=Vhg(L/ cy) (8 —3y)
Consequently, retaining the prmc1pal terms in (4, 4), we obtain
(4.5)

T+ 5=+ w5y ="
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General integral of this equation is
2= —h/yp+c(d—8)

1,

hence h

2=y /12—%p when § =25,

Thus, any integral curve of the first Eq, of (4,2) which can be taken up to the value
of =85 except the one representing the partial integral (4, 3) assumes, at =&, a
value Ji = -} ©/h <0, Taking into account that near the point 8 =0

h<Fy (fr = — 38/ %303, Fy = — 8/y%8%)
we conclude that a value O3 exists on the interval 0 <0 <85, at which§ becomes
infinite,

From the system (4,2) it follows that, when 8~ 63 , then the functions with the sub-
script 1 appearing in (4. 1) increase like (0 -0 7! or, more accurately,

Dso
1= 55, +Ou
_210_ oy — az \ 2 _ 2a ax —cy \3?
ho:[ 1h (C(C—u)) L=s,’ v““—[ (x+1) Vi (;(;——u)) ]s=s. *.9)
. 2a(ax—0!l)'(ay+cz)]
L [(n+ NVRE(u—0)® Js=s,

(Formulas for $;; are too unwieldy and shall not be given here), Similarly we can

and

obtain equations for the functions with the subscript 2, Their ~mtotics, when 885,
will have the form (11799 (1199
R N =2 @)

We note that the values of @a can only be obtained by integration, Thus, when
8 <63 and (0 -¢)/(O - 83) is sufficiently small, then the following asymptotic is
valid :

D = 00() + [ 5+ On | 2T+ [ + | () e 69

The above analysis is valid when the point [0, P ( 83)] does not lie on the axis of
symmetry, We find it can reach the axis of symmetry only when Y>Y, ., More accurat-
ely, for each X there exists a value ¥, > y,, such that when ¥ >49, then the point
[83, ©(03)] falls on the axis of symmetry and the asymptotic will, at this point, be

iven b Y10
g y 0= *—m (4.9)

5, Since the point [83, ¢ (083)] is a singular point of our solution, we ougth to study
the behavior of the gas-dynamic functions in the whole neighborhood of this point,
Before all, we shall note that in the region where the asymptotic (4, 8) is valid, the char-
acteristics belonging to the same family as @ =¢p(8) all converge at the point [0 ,
¢ (983)1. Equation of this family of characteristics in terms of the variables @ and 8, s

(Vg — P —f
Tog + (Pa —ap— T — 73(7, — @) ©h

We can, within the indicated region, replace the functions entering this equation with

their asymptotic representations given by (4, 8), As a result we obtain

da—¢) a—@
a8 o Y (5.2)

7 == Vs

i.e.. & - P (6 - 83) , or in other words the characteristics pass through the point
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(83, v (da)). Consequently, a shock wave is formed at this point and we cannot
describe it without investigating the whole neighborhood of this point in more detail,
Formulas (4, 8) can be rewritten thus
Qi a—@(8) Dy (a—q(d) ’]
@ =0 (0 + | 000 + gi 6 + oy (BB | O 09+

+ [0 5+ iy — 2 )00 (i — T )

F—87 " \9%s)
&—Q 6} # =
(ﬁ;)—;)}(a—ﬁs)w... 5.3)
therefore it seems feasible to seek the solutions near this point in the form (5.4)

[

F=Fo)+@—8) i)+ —8r Fat0+ - (t=5—ggr, F=u 1))

The following three homogeneous differential equations define the functions bearing
the subscript 0 _9 , 1 .

v, mq)—-———qi v, ) U5 — —r=—fo' =0
o Yhe *— 1 V’ Fo
q;F . , l‘ . kY

o= 0= g 2o ) I+ om0 (ra] = 7o ) =0

Relevant initial data are

(P—i—(im%)y, vsaw(i—'z—)ﬂﬂ, fo=¢® when y=0
and all magnitudes appearing here without a subscript denote the values of corresponding
functions of a spherical self-similar solution at & = 83 and @ =¢p(85) , Constants corre-
sponding to initial data will constitute a solution of (5, 5) and its determinant will then
become zero, Functions with the subscript 1 will have a homogeneous system whose
determinant will be identical with the previous one and again equal to zero, Initial data
for this system are defined by the asymptotic (5. 3), Obviously, the constants with initial
data will satisfy this system, which consists of only two linearly independent equations,
The remaining equation can be obtained by making use of the fact that when the sub-
script is equal to £ +1 (1 = 1) then nonhomogeneous equations are obtained and their
determinant is equal to zero, Consequently there exists a linear relationship between the
right-hand sides of these equations and a system defining the functions with the subscript
1 supplemented by this linear relation, has a solution which coincides with (5, 3), Thus,
for functions with the subscript 1 we have

9 . 1 .
(”an_‘i’_w‘/gq, 1;50) L v i1 =€),<van-~tp Vh )”sl

9’ . . qar af
e m—_-—y’z(p(x—l)fl =0, fi'= (fl ) Zlm (Il )], (5.6)
and a solution which approaches (5,3) as X0 , is given by
f dfn VA]  df
=i (1= (1—7u5) 1+ ©D

1 — v d”“.{.
[van_Q—W ”so] Vg =1 h+t (”ao”“‘"" Vie ”8.)"33'
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1 ar 2 } -
T dﬁ’t”*»"q’“}’fz‘w |8 = T ) Vhe T

. dv. ’ df

2. B . SN

+(”°‘°_“"V}7¢ "‘5") @ (x—1) Vhe

Functions with a subscript 2 can be obtained in a similar manner, Having found
Fo(X) ., FA()) and Fz(¥) we can obtain the asymptotic of the wave equation as well
as those of the values of functions on this wave near the point (93, ©(93)). Let 7Y, §)
denote the values of functions on the wave ,and 7 (X, &) before the wave and let the
latter correspond to a spherically symmetric solution which can be written near the point
83 , ©(83) in the form (5,4), For example,

dfe [ L F
o+ 5 — )+ {ggfg‘i— + ——-‘ff”) x] (6 —8+ ... (5.8)

Here the functions and their derivatives are taken on the characteristic =0(9) at
the point & = 03 and 7 (83) is given by (4, 3). We can write formulas for v,~ and »5~
in the same manner, Wave equations shall be sought in the form

X=1Xpo+cp (6—3y (5.9)
and conditions on the shock wave will be
PP —uw)=pD—uw) P+ ptD— it = 4 p (D — ) v mw (5:10)

Denoting the angle between the tangent to the wave and the horizontal by 8 , we
obtain the normal ¥ and tangential 1 velocities as follows:

= —vgsinffy + Vh8 — Bl — vscos [(y + V&8 — Bl + (x + 1) cos (y — f)

w = v, ¢0s [(y + V& &)—B] — vgsin [(y +Vh 8)—Pp] — (% 4 1) sin (y — B) (5.11)

Let ¢ =Q( 5) be the wave equation, then
__sin(y+ V28)da/dd+cos(y+ Vh8)a Vi
" cos(y+ Vhé)da/ds —sin(y+ Vhd)a Vi

aVietg(y+ VES —B) = —da / dd (5.13)

Using relations obtained from the equation of state p = %p”

f 1/ x—1 f %/ ®~—1
"“"(F) P=“(;.‘=')

we can write the second and third condition on thr wave as

+
1

and consequently

da ,335* — 375" - _ :f+ ]H- /(K1) v
B o o VE, o —w Pl — o = (F) —1]x
< 3

X [1 - <-§—i—)_m“_” ] (5.14)

Obviously, 8 =85 + (9 - 83), therefore near (83, (03)) the wave equation has,
by (5. 9), the following asymptotic

1
3= 98+ @ (6 (8 — b9+ 1o+ T 9 (B0 G — B+ ...
O (59 + 245+ 9" (8] (8— ) (5.15)

Formulas (5, 4) along the wave are written as
F = Fo (Xo) + (8 — 83) F1 (xp) + (8 — 8)® [eoFy’ (o) + Fs (xp)] + -+ (5.16)
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Inserting into (5, 14) the asymptotics (5, 8), (5. 15) and (5, 16) and equating the coef-
ficients of like powers of (6 - 83), we obtain two equations for X and @, . We note
that Formutas (5, 14) cease to be identities only after the substitution of three terms of
(5. 8) and (5, 16) and of two terms
of (5, 15), respectively, Thus we
obtain a wave of an infinitesimal
amplitude near (83,9 (83)).

] We cannot, for obvious reasons,
define the wave everywhere be-
tween the point 8 , ¢ (83) and
the axis of symmetry, using the
above asymptotic method, To
do this, we would have to inte-
grate partial differential equations numerically, We can expect, of course, that the wave
front will never depart very far from the characteristic = (0), On the symmetry
axis, the tangent to the shock wave front is horizontal, Indeed, the tangential velocity
w is given in terms of U, and U, (see Section 1) as follows:

w=uv,c08P + v,sinf, = vpsinf — v, cos P (6.17)

a
a Fig. 4 b

Since on the symmetry axis we have U, =0, conditions at the wave front at this point
yield ot )sinB=0, (p*—p7) (% — ?1;) = (v — v, )cos?B  (5.18)

When the wave has a nonzero amplitude, then these conditions hold only, when sinf3 =0,

Thus, the region of coincidence of our solution with the spherically symmetric solution
is bounded (when Y <Yy ) by the segments of characteristics @ = () joining the points
A and 4’ situated symmetrically with respect to the T)-axis, with another symmetric
pair of points B and B’ (83 ,(083)), by the shock wave front 5" and by the detona-
tion wave front A4’ (Fig, 4a).

Note, In the approximation obtained, the line 7y = fop / 4f;, is a characteristic
belonging to the same family as & = () . Perturbed area in the vicinity of the point
[03, ©(83)] is described in terms of the values of X varying in the direction
0~ -~y , If the characteristic X = ;4@ / 4f; belongs to the perturbed area, then,
in the area situated behind this characteristic the right~hand sides of the asymptotic For-
mulas (5, 7) become complex when (4fgo / f1o®)x > 1. This is apparently connected with
the existence of a region of subsonic flow behind the wave and in this case solution can
be obtained only by performing the integration of partial differential equations,

When Y >Y,, , the characteristics @ = ( 0) emerging from 4 and4' meet on the
N -axis at the point 5 at an angle >TT (Fig, 4b), From the asymptotic equation (4, 9) it
follows that the characteristics belonging to the same family do not intersect, therefore
no shock wave is formed at 5, Using the same asymptotic (4, 9) we shall seek a solution

ar the point 5 i —_—
ne point B in th; fin;e RS — 8= g_:__gs (5.19)
where O3 is the value of O corresponding to the point B, The following value corre-
sponds to the T]-axis — VheSs)c (22 + y?) .

7 (az —oy) (5.20)
Radial velocity U, is equal to zero on the T)-axis, i, e,

2,008 (7 + Vh8) —vgsin(y + Vb)) + (x+ 1)siny=0 (5.29)

Il ==
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and this is automatically fulfilled for the values of functions on the characteristic
Q =@(08) at the point & = 83 (functions with the subscript 0}, For functions with the

subscript 1 , we require that ";éa,r(fo) - yos, (lo) = 0 (5.22)

and we have for these functions the following system:
w\ | ST 1 t—u x
(1~T>Lyqu;f}7gplv“t’ Aavp— ;l'wwg—ﬁ%!
PO DU, okl S el A
( 3 }ig““ Vhgi'% %=1 Vhe =
! i u ) N
=~ TyRy [T e

L ¥+17., w1

(i— ;)[’J—w V};q}lz; (sc—j}cz{ﬁq} Uss_%x}

:Vhe T ) h+ s s

The characteristic & = () has a corresponding line £ =0, Point (¢ =0, F'=7) is a

singular point of the system (5,23) and one ¢an emerge from it along the asymptotic
{4, 9) which can be rewritten as follows:

(5.23)

150, F = Fy 4 (a7 9 B 18 — 8™ (5.24)
System (5.23) has a first integral which, with the asymptotic (5.24) taken into account,
can be written as (A~ ull) lvgy -+ vgel + fr/ (0 ~1) =0 (5.25)
Asymptotic of the solution as £~ £, ,is
R o A | x ~Bil—§11 sa (Lo}
oI ThER A veF =Bl b T e S e T
- 5.26
point £ = £, given by (4, B = const) ©.28)
o 2V oy (a0
T (ax - oy) (ax + cy)

is also a singular point of (5, 23) and corresponds to a characteristic which belongs to 2
family of which Q. =(9) is not 2 member, At this point, the functions are connected

by the following relations: Vq,, (a¥ + 302) = vy (3ey — ax) 18.27)
AsL= £, ,we have the following asymptotic
Vg, =0y + (I —1), vs, = v, + Ba (t—1u) (5.28)
where Ay and By are connected by a single linear relation
ey —cx LT (5.29)

wxea T B= 5,

From (5, 22) it follows that 5 in (5,26) must be equal to zero, Taking into account
that £ varies in the direction 0 — co, — oo, — /, — I, we can show this by varying
Ay and By within the limits imposed by (5,29), i, e. allowing a weak discontinuity on
passing along the characteristic £ = £, ,

Problems touched upon in the present. paper were discussed with 5, K, Godunov, Many
of the formulas quoted were checked by 1, I, Kireeva who also, together with N, I, Kuran-
cheva, performed numerical integration of equations on 2 computer, The author wishes

to take this opportunity to express his gratitude to all persons mentioned above,
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In contrast to the solution of Garabedian [1] and to the solution constructed by the Berg-
man method [2], we derive an exact general solution for the pair of functions ¢ and
(¢ is the velocity potential, ¥ is the stream function) of a system of partial differential
equations describing the axisymmetrical flow of an incompressible ideal fluid, Our solu-
tion depends on an arbitrary analytic function of a complex variable and is bounded om
the axis of symmetry,
The solutions constructed in [1] and [2] increase without limit as the axis of symmetry
is approached,
Three-dimensional steady-state axisymmetrical flows of an incompressible fluid are
described by the system of Eqs, [3]
% 1% % 123 M
oz y oy’ dy y ox
Here the velocity potential ¢ and the stream function | depend on only the two vari-
ables J, [/ of the cylindrical coordinate system (}/ > 0 and . is parallel to the axis of
symmeuy),
The integralsof system (1) will be sought in series form

o« o3
kD Yy
e=0W+ ) W) FgE. P=A+Br+ D Be(®) o5 (2)
Kww) T e
Here ¢,V are arbitrary harmonic functions which satisfy the Cauchy-Riemann condi-
tions o0 ¥ o0 ay 3)
9z ay ' a8y = oz

where Q,ap, B (k=0,1,2,..) are the required functions of the single argument J/,
Let us construct the corresponding derivatives of (2), substitute them into (1), and
recall Eqs, (3) and relations of the form
FLE2 WS al«rl v ak+1 > FLES WY
axa!;k = ayl-kl » 3z ay}. - ay.‘.-%-l
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